Complex Geometry Exercises

Week 2

Exercise 1. Let (M, J) be an almost complex manifold.
(i) Show that dimg M is even and M is naturally oriented.

(i) Show that there is at most one structure of a complex manifold inducing J.
Exercise 2. Show that the only compact connected complex submanifold in C™ is a point.

Exercise 3. Show that any Hopf surface
Hg = CQ\{(O,O)}/(Zl,ZQ) N)\(Zl,ZQ), )\6 (0,1)

contains many elliptic curves.

Exercise 4. Let f: CP" — C™/A be a holomorphic map. Then f is constant.
(Hint: think about how f interacts with the covering maps of the tours).

Exercise 5. Let (M, J) be an almost complex manifold and consider the associated O and
operators. Prove that they satisfy the following properties:

(i) The Leibniz rule.
(i1) O is C-linear and p is function linear.
(iii) The following identities hold:
u +0op =0, O+ 0u+pud =0,
p? =0, pii + 00 + 00 + Tip = 0 .
(continues on the back)
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Exercise 6 (Serge and Pliicker embeddings).
(i) Show that there is a holomorphic embedding CP" x CP™ — CP"+Dm+1)-1
(i) Write down the corresponding homogeneous equations in the case n =m = 1.

(i4i) Show that the map

Gr(k,n) —  P(AFC™)

W =span{wy,...,wg} — [wi A Awg]
18 a holomorphic embedding.

(iv) Write down the corresponding homogeneous equations for the Grassmannian Gr(2,4).

Exercise 7. Let B = B,(0) C C" be a polydisc. Then, the cohomology groups HpL(B) and
HYY(B) wvanish for p,q > 0.



